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Evaluation and Extension of the Flutter-Margin Method for
Flight Flutter Prediction
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For a binary flutter the so-called flutter-margin method is a good way of extrapolating from subcritical flight
test data to estimate the flutter speed; the best estimates are obtained with a linear extrapolation. Good estimates
of the flutter speed can be obtained from data at speeds as low as 50% of the flutter speed. The flutter-margin
is'shown to be relatively insensitive to errors in the damping measurements, but is very sensitive to errors in
frequency measurements. It does not give good predictions of the flutter speed when the instability is dominated
by a single degree-of-freedom mechanism. A new form of flutter-margin has been developed for a trinary flutter,
which also varies in a sensibly linear manner with dynamic pressure; it is also relatively insensitive to errors
in damping, but is very sensitive to errors in frequency.

Nomenclature

Ay = constants in coefficients of characteristic
equation

a,—a, = quasisteady aerodynamic coefficients

By—B, = coefficients in flutter-margin expression

b = airfoil semichord

b,~b, = quasisteady aerodynamic coefficients

Cra = lift curve slope

c = airfoil chord

F = flutter-margin

h = nondimensional displacement of
the airfoil in the plunging, or heave,
direction

1 = moment of inertia per unit length

m = airfoil mass per unit length

Ds—Do = coefficients in the characteristic equation

q = dynamic pressure

T, = stability test determinants

Ty = coefficients in expansions of test
determinants

|4 = velocity

a = angular displacement of the airfoil in the pitch
direction

B; = real part of eigenvalue i

€ = k,x/mi

{u» & = viscous damping coefficient for pitching
and plunging motion

A = eigenvalue

P = density of air

o = Iimc?

w,, w, = frequency of oscillation in the pitch and
plunge directions

w; = imaginary part of eigenvalue i
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Introduction

IRCRAFT flutter is often a catastrophic phenomenon,

and thus, prediction of its onset is essential. The uncer-
tainties in flutter calculations are such that the aircraft’s in-
tegrity must be confirmed by means of flight testing. Tradi-
tionally, this is done by increasing g in flight in small steps;
at each step the damping and frequency of the aircraft’s aero-
elastic modes are measured. A decision is then made regard-
ing the anticipated structural stability of the aircraft at the
next increment of g; this decision possibly being based on the
past “trend” of the modal damping.! Unfortunately, the na-
ture of flutter is such that sometimes the modal aeroelastic
damping will increase continually till just prior to instability,
and then decrease suddenly—so-called explosive flutter. Fur-
thermore, a priori, it is not known which mode will go un-
stable, therefore, a sufficient number of modes must be mon-
itored; also, almost certainly, there will be some experimental
scatter in the modal damping measurements.? Thus, there is
considerable uncertainty concerning whether or not instability
will occur at the next increment of g.

One method of reducing this uncertainty is the so-called
“flutter-margin method,”® which makes use of both the modal
frequency and damping information. Zimmerman and Weissen
burger® show that the flutter-margin varies in a much more
gradual manner with g than does the modal damping; in par-
ticular, there is a steady decrease in flutter-margin to zero as
instability is approached. An investigation of the use of the
flutter-margin method on wind-tunnel aeroelastic data is given
by Bennett,* and a description of its use for flight test data
by Katz et al.’

Unfortunately, this method is applicable to binary insta-
bilities only, and is restricted to cases where the aerodynamic
center remains fixed (subsonic or supersonic flight). Further-
more, the effect of experimental error, in either the frequency
or damping measurements, is not known.

In this article, examples of this method are given based on
simulated experimental data; the complications associated with
multiple modes are discussed, as are the uncertainties asso-
ciated with errors in the damping and frequency measure-
ments.

Review of the Flutter-Margin Method

The flutter-margin method?® is based on the analysis of a
two degree-of-freedom (plunging and torsion) airfoil shown
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Fig. 1 Typical section with two DOF.

in Fig. 1. Using quasisteady aerodynamics it is easy to show
that the airfoil is stable if F is greater than zero, where F is
given by

F = [(p/2)* — pol — [(p2/2) — pi/psF (1)

and p, to p, are coefficients of the system’s characteristic
equation

A* + psA® + pA* + pd +pp =0 1))

Furthermore, Zimmerman and Weissenburger® show that for
two modes with no structural damping and a fixed aerody-
namic center, F can be written in the following form:

F = By(C,.9)* + Bi{(Cq) + B, 3)

where B,, B,, and B, are only weakly dependent on g and
may be taken as constants. The ‘“heart” of the flutter-margin
method is that F varies in a much more gradual manner with
g than does the modal damping. Assuming that the modal
damping and frequency have been measured at a particular
velocity, then the “experimental eigenvalues” may be eval-
nated as follows:

A2 = By % o
where, assuming the modal damping to be small, o, is the
frequency of mode 1, B; = 8,0,/(27) and 8, is the logarithmic
decrement of mode 1; similarly for A, ,. To evaluate F, the
characteristic equation written as

()‘ - )‘1)()‘ - /\2)()‘ - )‘3)(/\ - ’\4)

is equated with Eq. (2) to give

ps = —2(B: + B)

P2 = Bi+ B3+ of + Wi + 4B, ()
P = —2[Bi(B3 + @B) + By(BT + )]

Po = (B + oD)(B3 + )

The flutter-margin is then calculated using Eq. (1). Ex-
trapolating from the known data points, using a quadratic in
g, leads to the predicted dynamic pressure at which flutter
occurs.

Extensions to the Two-Mode Flutter-Margin Method

For a two-mode system with no structural damping, quasi-
steady aerodynamics, and incompressible flow, F varies as a
quadratic in . However, if any of these restrictions are lifted,
the variation of F with g is much more complicated. In this
section the effect of more complex aerodynamics and struc-
tural damping are examined.

Considering the simple model shown in Fig. 1, and then as
shown in the Appendix, using a general form of aerodynamics
with “h”” dependence allowed for, F for zero structural damp-
ing is given by Eq. (A4) and for the more general case, in-
cluding the structural damping, by Eq. (AS5). The inclusion
of the h-dependent terms accounts for a more general form

. of unsteady aerodynamics; although one where the frequency

0.15
o—o 10 % Crit. Damping

| =4 —
§, [ ) e 5%
o 0.10 f a—a 1%
E a—a 0%
E [
5
©0.05 | "8, O,

0.00 M

0.000 0.005 0.010 0.015

Non—dim. dynamic pressure (q/mwaz)

Fig. 2 Variation of the flutter-margin, obtained using Eq. (AS), with
dynamic pressure and curves showing a quadratic fit to the data;
ml(mpb?) = 100, w,/w, = 0.2, E.A. at} ¢, C.G. at § ¢ (¢ = 0.005),
I(mc? = 0.0625, k = 0.2.
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Fig. 3 Variation of the Routh stability test function and flutter-mar-
gin with dynamic pressure; m/(mpb?) = 100, w,/0, = 0.2, E.A. at
1¢, C.G. at 3 ¢ (¢ = 0.005), I/(mc®>) = 0.0625,k = 0.2,, = {, =
0.0.

is still held constant, a “p-type” analysis. With zero structural
damping, F is indeed a quadratic in g, in agreement with
Zimmerman and Weissenburger,® although there does seem
to be some disagreement in the constants of the quadratic. It
is worthwhile pointing out that many checks have been done
to ensure the correctness of the expressions given in the Ap-
pendix. Possibly, the most telling of these is that for typical
values of system parameters, the flutter-margin was used to
predict the flutter speed, this was then checked with a stan-
dard eigenvalue analysis.

For the more general case, where structural damping is
included, Fis given by a much more complex expression, Eq.
(A5). Having obtained Eq. (A5), it is of interest to see how
the predicted flutter-margin varies with g, this was done for
the following parameters: m/(mpb?) = 100, w,/w, = 0.2, elas-
tic ascis (E.A.) at§ c, c.g. at# ¢ (¢ = 0.005), I/(mc?) = 0.0625
and {, = ¢, and varying from 0 to 10% of critical damping.
The aerodynamic coefficients were taken as a, = 5.375, a,
= —10.63, a, = —1.975, a, = 4.572, b, = 2.750, b, =
—8.458, b, = 1.239, b, = 2.286, which were obtained using
k = 0.2 in Theodorsen’s function.® The variation in F for four
levels of structural damping is presented in Fig. 2 as a function
of nondimensional dynamic pressure, g/(mw?). Provided the
data points at very low velocities are neglected, F is well-
represented by a quadratic in g; this was verified for many
different sets of parameters.

Additional Forms of Flutter-Margin

For the characteristic equation given by Eq. (2), the flutter-
margin is not a unique indicator of flutter. For example, the
more conventional expression for the Routh stability test func-
tion for this characteristic equation is

"F = pi(psp. — P1) — P3Po )
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If the Routh stability test function is employed as a potential
indicator of flutter then its variation with g is not nearly so
well-behaved vis-a-vis the flutter margin, as shown in Fig. 3.
The flutter-margin has a much better form for extrapolating
to the flutter boundary than does the Routh stability test
function, its approach to instability being much more gradual.

Flutter-Margin Method for Three Modes

In this section an attempt is made to obtain a simple ana-
lytical expression for a flutter-margin test function for a trinary
flutter. An example of a trinary flutter is given by Collar and
Simpson,” where the equations of motion for a four degree-
of-freedom system are given.

An eigenvalue solution to these equations showed that the
mode with the highest frequency did not play an active role
in the flutter. However, if the mode with the lowest frequency
is also removed, leaving only two modes, then no flutter is
obtained. This demonstrates that three modes (fundamental
and first overtone wing bending and fundamental wing tor-
sion) are required for flutter to occur. Thus, this would seem
to be a good system to use to test an equivalent expression
to that given by Zimmerman and Weissenburger for a trinary
flutter.

First, the characteristic equation of the system is written as

PAS + PsAS + pAt + pAd + pA2 + pA +po =0 (6)
with the coefficients p4 to p, given by
Ps = A, Ps = AsV
D = ARV?: + Ay, ps = AV + ALV
D2 = AuVE + ARV + Ay
P = AV + ALV + ALV
Do = AgeV® + ApV* + ApV? + Ay

and the terms Ag—Aq are constants, which for the sake of
brevity are not given here.

Next, the Routh stability criteria is used to determine the
stability boundary; this is done by forming the test determi-
nants T,—Ts, all of which must be positive for the system to
be stable. These test determinants are of the form

T, =T,V, T,=TyxV?+ T,,V

T, = TyV® + T,,V* + Ty, V2

T, = TyuoV® + TV8 + TVe + T,V + T,V2 (7)
Ty = Tg sV + To VB + Tg, VI + T,V

+ T,V + TV + TeuV3

where the constants T,—7Ts; are independent of V. The dy-
namic stability boundary is given by Ts = 0, and thus, only
the T test function needs to be monitored (7 is written in
terms of T,—T, and so it is still necessary to evaluate these).

Obviously, it is necessary to confirm that the above expres-
sions are correct. This was done by evaluating the test function
variation with velocity using the above expressions and also
from the eigenvalues of the matrix equations. The two meth-
ods gave identical results, confirming that the above expres-
sions are indeed correct.

Unfortunately, as seen from Fig. 4 the variation of test
function, T (normalized with respect to its maximum value),
with V2 (equivalent to the variation with dynamic pressure at
constant air density) is not particularly convenient for ex-
trapolating from a subcritical velocity to the flutter boundary;
the large “hump” in the curve proving troublesome. How-
ever, as shown previously, the form of the test function is not
unique and other forms, of a more beneficial nature, can be
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Fig. 4 Variation of the normalized test function 7 and 7./p3 for a
three degree-of-freedom system with velocity squared: —, Ts; O,
Ts/p3; -, quadratic fit to T5/p3; ------ , linear fit to 75/p3.

established. Therefore, an attempt was made to obtain a new
test function which varied in a more convenient manner. Sev-
eral different possibilities were tried, and one of the “better”
ones (Ts/p?) is also shown in Fig. 4 (normalized such that its
maximum value is of order 1); it should be stressed that all
the test functions predict exactly the same flutter velocity.
The new test function is of the form

F = (TosV? + T3V + Tsy V8 + TV + T,V
+ TSS‘/2 + T53)/A§1 (8)

Unfortunately, there are seven constants in this expression
which therefore make it impractical to use as a form to curve
fit experimental data. Thus, an order of magnitude analysis
was done to establish which, if any, of the terms in this expres-
sion can be neglected. The numerical values of the terms in
the equation were evaluated for different velocities from zero
to just past the point of instability. The V** term is 3 orders
of magnitude smaller than the others and can be neglected;
for velocities almost up to the point of instability the V° term
is also small and can be neglected; the V® and V' terms are
of approximately equal magnitude but of opposite sign, and
thus, cancel each other out; this leaves the V4, V2, and V°
terms. Thus, it is suggested that for curve fitting experimental
data a test function of the form

F=AV*+ BV2 + C

be employed, where A, B, and C are constants and Fis given
by Ts/pi. As shown in Fig. 4, a quadratic in V' does give an
excellent fit to the exact data points, also shown for compar-
ison is a linear fit in V2 which also gives a reasonable
approximation to the data. The magnitude of the expression
Ts/p? is usually very large, typically being of order 10. Such
large numbers are cumbersome to deal with, and it is sug-
gested that the expression be normalized by dividing all cal-
culated values by the specific value at the lowest velocity for
which the data is available; this will typically force the nor-
malized Ts/p? to vary in the range O to 1; this was done for
all the figures in this article.

To use the three-mode flutter-margin for flight test data,
the procedure is a little more complicated than for a binary
system, the characteristic equation may be written as

(- )\1)(A - Az)()‘ = A - )‘4)()‘ - ’\5)(/\ - /\6)
which when equated with Eq. (6) gives

ps =1

Ps —2(B; + B, + B3)

Py = BY+ B3+ B3+ 0f + 0 + w3

+ 4(B.B> + BiBs + BaBs)
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ps = —2B.(B3 + w0} + B3 + )
2B(Bt + o} + B3 + w))
= 2B:(B} + 0i + B} + w)) + 8B\B.PB;
P> = (B + 0D(B} + w3) + (BT + 0)(B3 + w))
+ (B3 + w)(B3 + 0f) + 4B:B:(B} + )
+ 4B.B5(B3 + wl) + 4B,B(B + w})
= =2B:(B1 + 0})(B3 + w3
= 2B,(Bt + w)(B3 + @)
= 2B:(B3 + 0)(B} + w3
po = (B + 0B} + w})(B3 + 0I)

Given the frequency and damping, numerical values of the
coefficients p,—p;s are calculated and then substituted into the
expression T5/p? giving the new flutter-margin.

An attempt at obtaining a flutter-margin for flutter mech-
anisms involving more than two modes was also presented by
Kadrnka.® He investigated the stability of a system with mul-
tiple modes using two methods: 1) the Routh stability criteria
(exactly the same as presented here), and 2) Mikhailov’s sta-
bility criteria as discussed by Popov.® Kadrnka showed that
the two approaches produce exactly the same expression for
the stability criteria. The disadvantage of the method pro-
posed by Kadrnka, however, is that his flutter-margin is purely
the determinant of the appropriate Routh test determinant;
e.g., Ts. As shown previously, the variation of Ty with V is
not convenient for extrapolating to the flutter speed. This is
exactly the same sort of variation obtained by Kadrnka. He
attempted to overcome this problem by curve fitting the flut-
ter-margin variation with much higher polynomials than those
used here, e.g., polynomials of order 4 or 6. This, however,
is not likely to be possible when using real flight test data,
especially when errors in the frequency and damping mea-
surements are considered.

»
|

Use of gCp\, qor V

For a binary flutter with no structural damping, Zimmer-
man and Weissenburger® obtained Eq. (3) which enables the
effects of compressibility to be incorporated by way of the
C,, term—provided the variation of C,, with Mach number
is known. However, to do this it was necessary to assume that
all the aerodynamic coefficients varied with Mach number in
the same manner as C, ..

A reduced form of the above flutter-margin, with no vari-
ation in Mach number and no structural damping (see the
Appendix), is of the form

F=Aq*+ Bg + C

where A, B, and C are now totally independent of g. How-
ever, when the effect of either stractural damping in a binary
flutter or a trinary flutter is considered, then the algebra is
such that the flutter-margin can only be reduced to

F=AV*+ BV2 + C

This suggests that the flutter-margin method can be used for
flight testing at a constant air density (or altitude) only. How-
ever, as shown in Fig. 5, changes in air density have a relatively
small effect on the variation of F with ¢, and in many cases
can probably be ignored. In Fig. 5a the variation of F is
presented for the same example as that used in Fig. 2 for 5%
critical damping and two extremely different values of air
density; slightly different flutter-margin variations are ob-
tained. However, this is a very large variation in air density,
and also a fairly large value of structural damping. With less
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Fig. 5 Variation of flutter-margin with dynamic pressure for differ-
ent air densities: a) a binary flutter, m/(mpb*) = 100, w,/w, = 0.2,
e = 0.005, o = 0.0625, {, = {, = 0.05; b) a trinary flutter from
Collar and Simpson.”

structural damping and for smaller changes in air density these
two curves could sensibly be collapsed onto one with little
loss of accuracy.

For the trinary flutter example of Fig. 4, the effect of vary-
ing the air density is shown in Fig. Sb (this was obtained by
assuming the original equations correspond to an air density
of 1.0 kg/m?). Again the flutter-margin variations do not col-
lapse onto one curve, but for a reasonably small variation in
air density, plotting F as a function of g will introduce a
relatively small error.

Critical Assessment of the Flutter-Margin Method

To access the effectiveness of the flutter-margin method to
predict the onset of flutter, a data-set given by Irwin and
Guyett® was employed. They present the variation of modal
damping and frequency with velocity for six modes (the first
four bending modes and first two torsional modes) of a swept-
wing wind-tunnel model in subsonic flow; the data for the
first three modes are replotted in Fig. 6. It is these three
modes which have the most active variation as V is changed;
for the other three modes there was little or no change in
frequency with V and only a small and gradual increase in
damping as V was increased. The most significant features of
the modes shown in Fig. 6 are that it is mode 2 (the first
overtone bending) which goes unstable at V = 51.8 m/s and
that instability occurs very close to a frequency coalescence
of modes 2 and 3 (fundamental torsion). It should also be
noted that there is a fairly dramatic drop in the damping of
mode 2 just prior to instability. One other interesting feature,
which may possibly make this data-set atypical, is that at the
flutter boundary, mode 1 is close to a divergence instability.

Two-Mode Combinations

Using the data of modes 2 and 3 from Fig. 6 the variation
in Fis as presented in Fig. 7, showing approximately a linear
variation with V2. Using both parabolic and linear extrapo-
lations of F with V2, predictions of the flutter speed are made
at a number of velocities using all the previous data points.
The results obtained are summarized in Table 1; quite rea-
sonable predictions of the flutter speed can be made for ve-
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locities down to 50% of the actual flutter speed. However, F
seems to be sensibly linear in V?; thus, the flutter speed is
also predicted using a linear extrapolation in V2. Although
the linear extrapolation is a little less accurate at higher speeds,
it is much more accurate than the quadratic extrapolation at
lower speeds, and thus, seems to be preferable.

If the two coalescing modes are not used to form the flutter
margin then the variation of F with V2 is no longer useful to
predict the flutter speed. For example, if modes 1 and 2 are
employed, F is essentially constant over the majority of the
V2 range, and then drops very sharply to zero at the point of
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Fig. 6 Variation of aeroelastic modal frequencies and damping values
with velocity for the first three of the six modes from Irwin and Guyett'®:
mode 1 is the fundamental bending, mode 2 the second harmonic
bending, and mode 3 the fundamental torsion: a) frequencies and b)
damping.
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Fig. 7 Variation of the flutter-margin with velocity squared obtained
using the Zimmerman and Weissenburger® method and the data of
modes 2 and 3 from Irwin and Guyett.'°
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instability, If modes 1 and 3 are employed, F will always
remain positive—it is mode 2 which becomes unstable.

In addition to the above data-set, a hypothetical data-set
was made up to simulate the case of a single degree-of-free-
dom flutter. This could, for example, be representative of a
stall flutter. The model represented by Fig. 1 was analyzed
with m/(mpb?) = 100, ¢ = 0.0, ¢ = 0.0625 and ¢{,, = £, =
0.05; however, the aerodynamic coefficients were arbitrarily
changedtoa, = a, = b; = b, = 0.0,a, = 1.975,a, = 4.572,
b, = —2.75, and b, = 2.45 (these were chosen to give a
single degree-of-freedom flutter). An eigenvalue analysis
showed that there is no frequency coalescence and instability
is purely due to negative damping in the torsional direction
(indeed, it should be noted that there is no coupling, either
structural or aerodynamic, between the equations for this set
of parameters). The variation in F with nondimensional dy-
namic pressure for two examples is presented in Fig. 8. It is
apparent that for w,/w, = 0.8 the variation in F is similar to
that obtained with a classical frequency codlescence; however,
for w,/w, = 0.2 the variation in F is not so nearly well be-
haved. Undoubtedly, the reason for this is that the initial
separation of the two frequencies, which is maintained all the
way until the onset of flutter “tricks” the flutter-margin into
believing that an instability is not going to occur. Only at the
last minute, when the damping is very close to zero, does the
damping start to dominate the flutter-margin calculations and
causes it to go to zero. Thus, it is apparent that the flutter-
margin method is not very useful at predicting the onset of
flutter for single degree-of-freedom-type instabilities.

Damping and Frequency Errors for Two-Mode Combination

Having established that good predictions of the flutter speed
can be obtained when accurate subcritical data is employed,
it now remains to be seen what is the effect of errors in the
damping and frequency measurements. To this end, simulated
errors were added to the data of Irwin and Guyett.’® A max-
imum allowable error in frequency and damping was decided
upon, and then for each data point an error term equal to
this maximum multiplied by a random number between +1
was added to the original data point. In general, the maximum
allowable error for the damping measurements was greater
than for the frequency measurements, this is usually the case
for experimental flight test data.?

The effect of errors in the damping and frequency mea-
surements was also investigated by Bennett* and Kadrnka,?

2.5

15L /,’wh/wu=0.2 N ]

Flutter—margin

1.0

05 ¢

0_0 L i 1
0.000 0.002 0.004 0.006 0.008
2

Non—dim dynamic pressure (q/mw,

Fig. 8 Variation of the flutter-margin with dynamic pressure:
m/(wpb*) = 100, € = 0.0, ¢ = 0.0625, a, = a, = by = b, = 0.0,
a; = 1.975, a, = 4.572, b, = —2.75, b, = 2.45.

Table 1 Comparison of predicted flutter speed using the flutter-margin for data taken from Irwin
and Guyett'*—the true flutter speed is 51.8 m/s

A,m/s 488 45.7 427 39.6  36.6
B, m/s 50.0 48.5 46.9 45.4 442
C, m/s 48.5 47.6  46.9 46.6  46.6

33.5 305 274 244 21.3 18.3
43.0 418 41.1 351 314 290
46.9  47.6 48.5  48.2 50.6  59.7

A) Speed at which prediction is made (using all previous data).
B) Flutter speed obtained using a quadratic extrapolation in V2.

C) Flutter speed obtained using a linear extrapolation in V2.
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who calculated the partial derivatives of F with respect to the
modal damping and frequencies.

For a maximum allowable error of 10% in damping and
5% in frequency, the variation in F with V2 is shown in Fig.
9a. Comparing this with Fig. 7, it is apparent that the effect
of the error is to produce a fairly large scattér in F. Calcu-
lations of this type were done for a mimber of different al-
lowable maximum errors and one immediate conclusion is
that F is much more sensitive to errors in frequency than in
damping. For example, Fig. 9b shows the variation of F for
the case where the frequency error has been reduced to zero
but the damping error is still 10%; comparing this with Fig.
7 shows that the error in damping has produced very little
deterioration in the variation in F.

A summary of the effect of the errors is presented in Table
2. In general, as the error increases, particularly an error in
frequency, the accuracy of the estimated flutter speed de-
creases. It is also interesting to note that the errors have less
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Fig. 9 [Effect of errors in the damping and frequency on the variation
of the flutter-margin; modes 2 and 3 of Irwin and Guyett'®: a) a
maximum 5% error in frequency and 10% error in daniping, and b)
a maximum 0% error in frequency and 10% error in damping.

Table 2 Effect of errors in damping and frequency measurements
on the predicted flutter speed (m/s) using data for modes 2 and 3 of
Irwin and Guyett'®—true flutter speed is 51.8 m/s

Error
Freq, % Damp, % A B C D
5 10 48.5 48.8 439 49.7
3 10 46.6 48.5 39.9 49.7
5 7 48.5 48.8 433 49.7
5 0 48.5 48.8 442 49.4
7 10 o0 45.4 47.2 42.7
7 0 S 45.4 o 42.7
1] 15 48.2 47.9 0 42.7
10 0 46.6 48.5 384 50.0

A) Flutter speed predicted from an actual speed of 45.7 m/s using a quadratic

extrapolation in V2.

B) Flutter speed predicted from an actual speed of 45.7 m/s using a linear

extrapolation in V2.

C) Flutter speed predicted from an actual speed of 36.6 m/s using a quadratic

extrapolation in V2,

D) Flutter speed predicted from an actual speed of 36.6 m/s using a linear

extrapolation in V2,

effect on the linear extrapolation than on the quadratic one.
This seems to suggest that for real flight data, which will
undoubtedly have significant errors, a linear extrapolation is
a better prediction tool than a quadratic one for the onset of
flutter.

Three-Mode Combination

As seen in Fig. 4, if the new flutter-margin (7Ts/p?) is em-
ployed there is a reasonably linear variation in F with V2, at
least for the data coming from the calculations of Collar and
Simpson.” What is surprising about this data-set is that if a
quadratic curve fit is employed to extrapolate to the flutter
speed from a subcritical speed, then flutter is never predicted.
This can be seen in Fig. 10, where a quadratic curve is fitted
to all the data below 192 m/s (0.81 of the flutter speed). The
curve fits the data almost exactly—showing that a quadratic
curve is a good curve fit—but then curls up just past the last
point; thus, based on this quadratic curve fit, flutter is never
predicted. This demonstrates one of the dangers of extrap-
olation and particularly of using a quadratic extrapolation of
the flutter-margin to predict flutter. If a linear fit is employed,
on the other hand, then a reasonable curve fit is obtained as
also shown in Fig. 10. Also, if the data points for the lower
velocities are ignored (these would, in fact, not be available
from flight test data) then an eéven better curve fit is obtained
and good predictions of the flutter speed can be obtained
from speeds as low as 30% of the flutter speed; this is illus-
trated in Table 3.

Although this was the only true trinary flutter known to
the authors, it was decided to see if this new flutter-margin
could give accurate predictions of flutter for a binary flutter
when a third noncoalescing mode is included. To achieve this
the data-set of Irwin and Guyett'® was employed with all three
active modes now included. The resulting variation in the new
flutter-margin (7s/p2) with V2 is presented in Fig. 11, again
the data points at low velocities have been ignored. It is ap-
parent that a reasonable prediction of the flutter speed could
be obtained with a linear extrapolation; this prediction getting
better as the flutter velocity is approached; however, in gen-
eral, it is suggested that not only should the trinary flutter-
margin be monitored, but also the various combinations of
binary flutter-margins, to detect any effect from a pasive mode.

1.2
1.0 — Quadratic fit
~§\ o8l -~ Linear fit
o
IE 0.6 |
£ 04Ff
= Flutter boundary
" o0z} ]
ey
0.0 A
AN
-0.2 . so L
2 4 6 8
vZ(m/s)? x 104

Fig. 10 Variation of new test function, T,/p3, with velocity squared:
data from Collar and Simpson’; —, a quadratic fit to this test function
for all data points below a velocity of 192.0 m/s; ---, a linear fit to this
test function for all data points with velocities between 137.2 and 192.0
m/s.

Table 3 Linear extrapolation in velocity squared using all data
above a velocity of 137.2 m/s for the new flutter-margin (T/p3)—
the true flutter speed is 237.7 m/s

A, m/s 231.6 213.4 189.0 164.6 140.2 109.7 853 61.0 36.6
B, m/s 219.5 213.4 206.0 199.3 193.5 189.3 186.8 185.6 188.1

Variation of predicted flutter speed (row B) with actual speed at which the
prediction is made (row A) for the trinary flutter of Collar and Simpson.’
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Fig. 11 Variation of new test function, 7T,/p}, with velocity squared
using all three active modes from Irwin and Guyett'® and linear and
quadratic curve fits for data points with velocities greater than 33.5
m/s.

Table 4 Linear extrapolation in velocity squared for the new
flutter-margin (7/p3)——the true flutter speed is 237.7 m/s

A, m/s 231.6 219.5 207.3 195.1 182.9 170.7 158.5 134.1 109.7
B, m/s 235.6 210.0 205.1 200.6 196.9 188.4 182.3 192.9 313.9

Variation of predicted flutter speed (row B) with actual speed at which the
prediction is made (row A) for the trinary flutter of Collar and Simpson’ with
a simulated error of 5% in frequency and 10% in damping.

Pamping and Frequency Errors for Three-Mode Combination

The effect of simulated errors in frequency and damping
on the new flutter-margin was investigated for the trinary
flutter using the same method as that described for the two-
mode combination. The nature of the results obtained was
very similar to that obtained with a binary flutter; the flutter-
margin being much more sensitive to errors in frequency than
in damping. However, using a linear extrapolation in F with
V2 it is still possible to obtain reasonable predictions of the
flutter speed as shown in Table 4.

Conclusions

Based on the results presented in this article the following
conclusions can be obtained; however, it should be appreci-
ated that these conclusions may be specific to the examples
analyzed in this article.

1) Using the two active modes in a binary flutter, it is shown
that when no structural damping is accounted for and the
aerodynamics is taken as being quasisteady, the flutter-margin
is exactly a quadratic function of dynamic pressure. However,
it is also apparent that the flutter-margin varies in a sensibly
linear manner with dynamic pressure; this is so, irrespective
of whether or not structural damping is accounted for.

2) Using either a linear or quadratic extrapolation in dy-
namic pressure, it is possible to predict the onset of flutter
from velocities as low as 50% of the flutter speed.

3) The flutter-margin variation is very sensitive to errors
in the modal frequencies and only mildly sensitive to errors
in the modal damping. When errors in the frequency and
damping measurements are accounted for it appears that a
linear extrapolation is the best method of predicting the onset
of flutter.

4) The flutter-margin method does not vary in a well-
behaved manner with dynamic pressure when the instability
mechanism is dominated by a single degree of freedom (DOF).
In such cases the flutter-margin method would not be able to
accurately predict the flutter speed.

5) For a trinary flutter, a new form of the flutter-margin
is suggested which is of the form Ts/p3. This new form of
flutter-margin also varies in a sensibly linear manner with
dynamic pressure. The effect of errors in the damping and
frequency measurements on the trinary flutter-margin vari-
ation is very similar to that obtained with the binary flutter-
margin.

Appendix: Extension of the Zimmerman and
Weissenburger Method

Considering the model shown in Fig. 1, the equations of
motion about the center of gravity may be written as

h + 20k + 03h — ea = (g/m)[a,a + ay(c/V)a
+ ash + a,(c/V)h]
o + 20{,0,6 + owla — eoh = (g/m)[b,a + by(c/V)a
+ bsh + b(c/V)A] (A1)
where
w} = k,/ml, o = (k, + kx%)/1l
e = kximl, o = I/mc?

and ¢, and ¢, are the nondimensional damping coefficients.
The eigenvalues of the above equations satisfy the following
characteristic equation:

A+ pA +p A2+ pA+p,=0

where

Ds = Ay + UAy

D: = Apn + qpAz + UAy

P1 = Ay + q,A, + qUA; + UAy,

Po = An + @Ag + G1Ax

g, = gim

U= qgcmV

(A2)

The “A;” terms are all independent of velocity and are
given by the following expressions:

s
I

2Aw,l, + wudy), Ay = (0a, — b)lo
Ay = Wl +,w2h + dw,0,{,{,

Ay = [oa; — by, + ulah, — boa))lo

Ay = Aa00,L, — blw)lo

An = 20,0,(0.d, + 0,0,)

Ap = 2(-b G, + {ow0a) 0 (A3)
Ay = (=ba, — bya, + ab; + aby)o

Ay = [a,002 — b} + e(a, — b)Vo

(oo} — &)l

> >
il

(a;002 — by} + ae — bie)lo
Ap = (—asb, + abj)lo
p = ipctim
Making use of Egs. (A3) and (A2), F may be evaluated.

For the case of zero structural damping Egs. (A3) are sim-
plified somewhat, since
Ay =Ap=A, =4,=0, Ay

= + o

and all other terms remain unchanged. In this case the flutter-
margin may be written as

F = Dy} + Dyq, + D, (A4)
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where

D, = [_A(B + ApAlAs — (sz/A32)2]

D, = [_Aoz + ApAlAs, + AnAislAs, — 2A13A14/(A32)2]
D, = ["Am + AyAi/A,, - (A14/A32)2]

For the more general case where damping is included, the
algebra is much more complicated. One problem is the p; =
Az + UA;, term which appears in the denominator. How-
ever, bearing in mind that the A,, term is proportional to
and A, is inversely proportional to o, then A;, > A;, and
thus, p; = UA,,.

Making this assumption, F may be written as

F = q3Cy + q,U(Cs/p + Cg) + q,(C, + Cyolp)

+

U(C, + Culp) + (C, + Colpp)

+

VU(Cy) + Vgp(Clp) (AS5)

where Cy—~C; are independent of g,; they are functions of the
“A” terms in Eq. (A3) and for the sake of brevity are not
given.
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